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Abstract
A topological group G is called sequentially complete if it is sequentially closed in any
other topological group (or equivalently, G is sequentially closed in its Ra12kov completion G˜).
We establish the following compactness criterion in the class of connected Abelian groups of
non-measurable size: a group in this class is compact i7 it is minimal and sequentially com-
plete. We also describe the structure of sequentially complete minimal Abelian groups in the
general case. Coincidence of hereditary disconnectedness and zero dimensionality is established
for various classes of sequentially complete groups. c© 2001 Elsevier Science B.V. All rights
reserved.
MSC: Primary 22A05; 22B05; 54D25; 54H11; secondary 54A35; 54B30; 54D30; 54H13
1. Introduction
There are two ingredients in the new property of topological groups proposed in
this paper. The >rst one – converging sequences, sequentially closed (dense) subsets,
sequentially continuous functions – comes from the very origin of general topology.
In the case of metric (or more generally, sequential) spaces they completely determine
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the topology of the space and the continuity of functions. However, they remain highly
important in the general case as well (for a series of interesting results on sequentially
continuous functions de>ned on products and topological groups see [1,37,40]).
The other ingredient, P-closed spaces for a given topological property P (de>ned
to be the P-spaces that are closed in any other P-space), was also largely studied in
topology [3]. In the category of topological groups this gives the notion of complete-
ness. Every Hausdor7 topological group can be embedded as a dense subgroup into a
complete Hausdor7 topological group G˜, and this group G˜ is unique up to a topolog-
ical isomorphism >xing the points of G [41]. Weakening completeness by means of
considering convergent sequences we obtain the following notion that will be the main
topic of the paper:
Denition 1.1. A topological group G is sequentially complete if it is sequentially
closed in its Ra12kov completion.
Clearly, a group G is sequentially complete i7 every Cauchy sequence in G con-
verges. Hence countably compact groups are sequentially complete. The motivation to
combine these two ingredients into the above de>nition was the necessity to have a
natural class of groups with nice properties containing all countably compact and all
complete groups (cf. Proposition 2.1). The precise idea was inspired by the work done
in the category of topological spaces. Indeed, the sequentially complete topological
groups are the categorical counterpart, in the category of topological groups, of the
sequentially closed Tychonov spaces that are precisely the countably compact spaces.
For this and further properties of sequentially P-closed spaces (i.e., the P-spaces that
are sequentially closed in any other P-space), see [15,16,31]. The introduction of
sequentially P-closed spaces was motivated in turn by the useful properties of the
well-known sober spaces that are precisely the b-closed spaces in the category of
T0-spaces.
In this paper we taste the new class of sequentially complete groups in two aspects:
dimension=connectedness and minimality. Let us recall that a topological group G is
(totally) minimal if every continuous (epimorphism) isomorphism G → H to a Haus-
dor7 group H is open [17,43]. Our choice of minimality was inspired by the fact that
complete minimal groups are very close to the compact ones and are actually compact
in the Abelian case according to Prodanov–Stoyanov’s theorem [17]. This suggested us
to study the sequentially complete minimal Abelian groups. We establish a number of
rather strong restrictions for the structure of these groups. For example, every connected
sequentially complete minimal Abelian group of non-measurable cardinality must be
compact (Corollary 3.3). No one of these conditions can be omitted (see Remark 3.5
and Examples 3.1 and 2.3). More precisely, our main result states: a sequentially com-
plete minimal Abelian group G contains the connected component of its completion
whenever the connected component of G is of non-measurable size (Theorem 3.2).
In order to ease the reading of the paper we give the proof of this result separately in
Section 5. We also prove that the hereditarily disconnected sequentially complete
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minimal Abelian groups split in direct product of their primary components. The se-
quentially complete totally minimal Abelian groups turn out to be compact (Theo-
rem 3.8). This generalizes an analogous result obtained in [19] for countably compact
groups.
The precompact sequentially complete groups have some properties that place them
very close to countably compact groups. This is captured e7ectively by means of some
functorial subgroups de>ned and studied in the third part of Section 2. As a conse-
quence, we prove in Section 4 that for several subclasses of precompact sequentially
complete groups G, hereditary disconnectedness implies zero-dimensionality (this is
always true in the smaller class of countably compact groups [10]). This occurs in the
following cases:
(i) G is minimal Abelian;
(ii) every element of G is metrizable (cf. De>nition 2.8);
(iii) the completion G˜ is >nite dimensional;
(iv) G is torsion (in this case sequential completeness of G is not necessary).
On the other hand, there are examples of totally minimal pseudocompact groups of any
dimension n¿ 0 that are hereditarily disconnected (cf. [9]). They witness the large gap
between sequential completeness and countable compactness.
In [21] we investigate sequential completeness in a completely di7erent environ-
ment, namely in free topological groups. We characterize there the Tychono7 spaces
X for which the free topological group F(X ) is sequentially complete. It turns out
that these spaces are characterized by the property that X is sequentially closed in
its Stone- .Cech compacti>cation X . Furthermore, the same condition describes when
the free precompact Abelian group F(X;PA) is sequentially complete. The paper
[21] o7ers also results concerning other similar forms of weak completeness of the
free topological groups obtained by replacing sequential closure by other natural clo-
sure operators. The fairly complicated behaviour of sequential completeness under
taking quotient groups is studied in detail in [22]. In particular, all pseudocompact
Abelian groups are shown to be quotients of sequentially complete pseudocompact
Abelian groups.
1.1. Preliminaries
Throughout this paper all spaces are assumed to be Tychono7. A subset A⊆X
is sequentially closed (sequentially dense) in X if no sequence in A converges to a
point of X \ A (resp., for every point x ∈ X there exists a sequence in A converging
to x). The closure of A in X is denoted by clX (A) or OA. We denote by clseq(A)
or OA
seq
the sequential closure of A, i.e., the biggest subset B of X containing A as
a sequentially dense subset. Note that clseq(A) need not be sequentially closed. We
denote by clseq∞(A) the least sequentially closed subset of X containing A. One can
get clseq∞(A) after at most !1 iterations of the operator clseq.
We recall here some compactness-like conditions on a topological group G. A group
G is precompact if it can be covered by >nitely many translates of any neighborhood
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of the identity, pseudocompact if every continuous real-valued function on G is bounded,
!-bounded if every countable subset is contained in a compact subgroup (a
group G is !-bounded precisely when all closed separable subgroups of G are com-
pact). Clearly, !-boundedness implies countable compactness, countable compactness
implies pseudocompactness, and pseudocompact groups are precompact [6].
Completeness of topological groups is intended with respect to the two-sided unifor-
mity, so that every topological group G has the (Ra12kov) completion which we denote
by G˜, while c(G) denotes the connected component of G. The group G with identity 1
is hereditarily disconnected if c(G)={1}, totally disconnected if the quasi component
of 1 in G is trivial [29]. Zero-dimensionality is discussed only for precompact groups
where all kinds of zero-dimensionality coincide [42]. Analogously, dimension (denoted
in the sequel by dim) distinct from 0 appears only in the context of pseudocompact
groups where again the three dimensions dim, Ind and ind coincide (more precisely,
the equalities dimG = Ind G = indG hold for every locally pseudocompact group G,
see [47]).
The subgroup generated by a subset X of a group G is denoted by 〈X 〉.
The center of a group G is denoted by Z(G). Recall that the upper central series
{Zn(G)} of the group G is de>ned by: Z0(G) = {1} and Zn+1(G)=Zn(G) is the center
of G=Zn(G). A group G is nilpotent (of class n) if Zn(G)=G for some integer n. For
a topological group G, the subgroups Zn(G) are closed.
We denote by N+ and P the sets of positive naturals and primes, respectively; by
Z the integers, by Q the rationals, by R the reals, and by T the unit circle group
in the complex plane C. The group of p-adic integers is denoted by Zp (p ∈ P),
and Z(n) is the cyclic group of order n¿ 1. The (compact) Pontryagin dual Q∗ of the
discrete group Q is denoted by K. The cardinality of continuum 2! will be denoted also
by c.
2. Sequentially closed subgroups of compact groups
While countable compactness is not stable under direct products of topological groups
(all known counterexamples require Martin’s Axiom, see [25] or [34]), and there exist
spaces X that do not admit countably compact extensions Y such that clseq∞(X ) = Y
[16], we have the following:
Proposition 2.1. The class of sequentially complete groups is closed with respect to
taking direct products and sequentially closed subgroups. Moreover;
(a) if a topological group G has a complete normal subgroup H such that G=H is
sequentially complete; then G is sequentially complete. In particular; if G=H is
sequentially complete and H is locally compact; then G is sequentially complete.
(b) every group G admits a sequential completion; namely a sequentially complete
group Gseq containing G such that
(b1) Gseq = clseq∞(G);
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(b2) if f :G → K is a continuous homomorphism to a sequentially complete
group K; then there exists a unique continuous homomorphism f1 :Gseq → K
extending f.
Proof. The >rst part of the proposition is obvious.
(a) In general, if the normal subgroup H of G is closed (without the stronger
assumption that H is complete), then the quotient group G=H is isomorphic to a dense
subgroup of G˜=H˜ , where H˜ is the closure of H in G˜. In fact, by Lemma 1:3 of [33], it
suRces to note that the continuous surjective quotient homomorphism f:G˜ → G˜=H˜ is
open, so that its restriction to the dense subgroup G is open as well since G∩H˜=H is
dense in kerf= H˜ . Now, by our hypotheses G=H is sequentially complete and H = H˜
is complete. To show that G is sequentially complete as well we have to see that G is
sequentially closed in G˜. Consider a sequence xn in G convergent to a point x of G˜.
Then f(xn) converges to f(x) in G˜=H˜ . Since all f(xn) are in the sequentially closed
subgroup G=H of G˜=H˜ , we conclude that f(x) ∈ G=H . Hence there exists g ∈ G with
f(x) = f(g). Then x ∈ gH˜ = gH , so that x ∈ G.
(b) To build the sequential completion Gseq just put Gseq = clseq∞(G), where the
sequential closure is taken in the completion G˜ of G. It is easy to show that the so
built sequential completion has the required universal property analogous to that of the
completion.
In the next proposition we isolate a simple property that surprisingly insures sequen-
tial completeness.
Proposition 2.2. Let G be a topological group without non-trivial convergent
sequences. Then G is sequentially complete.
Proof. Assume that G is not sequentially complete. Let this be witnessed by a non-trivial
sequence {xn: n ∈ !}⊆G converging to a point of G˜\G. For every n ∈ !, put
yn = x−1n · xn+1. Then {yn: n ∈ !} is a non-trivial sequence in G converging to the
identity of G, a contradiction.
This proposition generates a class of examples of sequentially complete topological
groups to be used in our constructions (e.g., Example 3.1).
Example 2.3. (a) For an Abelian group G, denote by G# the group G equipped with
its maximal precompact group topology. According to a theorem of Flor [30], the group
G# has no convergent sequences other than trivial. Hence G# is sequentially complete
by Proposition 2.2.
(b) Take the group G = Z#. By (a), G is sequentially closed in its Bohr compact-
i>cation bG =Kc × L, where L =∏p∈P Zp and K is the group of characters of the
discrete group Q. The Bohr topology of Z can be weakened to a sequentially complete
(precompact) group topology  of Z such that the completion of (Z; ) is connected.
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Indeed, the projection  : bG → Kc sends sequentially closed subsets of the group
bG to sequentially closed subsets of the group Kc . To see this use a “sequential ver-
sion” of the Kuratowski closed projection theorem and the fact that the kernel L of
the projection  is sequentially compact. Now L∩Z= {0}, and hence  induces on Z
a coarser group topology  such that the completion of (Z; ) coincides with Kc and
hence is connected.
2.1. Background on minimality and Pontryagin duality
A group G is totally minimal if all Hausdor7 quotients of G are minimal. Therefore,
compact groups are totally minimal and totally minimal groups are minimal. In order
to characterize the dense (totally) minimal subgroups of compact groups we need the
following notions. A subgroup H of a topological group G with identity 1 is essential
(totally dense) if N ∩ H = {1} (resp., N ∩ H is dense in N ) for every non-trivial
normal subgroup N of G. Recall the following minimality and total minimality criteria:
Theorem 2.4. A dense subgroup H of a compact group G is
(a) minimal i< H is essential in G [43];
(b) totally minimal i< H is totally dense in G [17].
The following facts will be essentially used in the proof of Theorem 3.2.
Fact 2.5. Let G be a compact connected Abelian group. If G has a totally discon-
nected closed essential subgroup; then G is =nite dimensional.
Proof. Let N be a totally disconnected closed essential subgroup of G. Assume that
G is in>nite dimensional. Then there exists a continuous surjective homomorphism
f : G → T! such that f(N ) = {0}. Pick a prime number p and a closed subgroup L
of T! isomorphic to Zp. Let L1 = f−1(L). Then the short exact sequence
0→ N → L1 f→L → 0
splits since the annihilator A(N ) of the subgroup N in the Pontryagin dual L∗1 of L1 is
isomorphic to L∗ ∼= Z(p∞). This provides a closed subgroup of L1 that trivially meets
N , thus contradicting essentiality of N .
The following theorem was established in [24]. In the special case of an !-bounded
group G its proof can be found also in [23].
Theorem 2.6. Let G be a sequentially complete essential subgroup of Zp for some
prime number p and  ≥ 1. Then G contains the subgroup pkZp for some integer k.
The next proposition enables us to reduce the general case to the study of torsion-free
groups keeping the main properties of the group unchanged.
Proposition 2.7. Let G be a precompact Abelian group. Then there exists a compact
Abelian group K of the form K =K × ; where  =∏p∈P Z!pp and w(K) = w(G);
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and an open continuous epimorphism f : K → G˜ such that
(a) the subgroup G1 = f−1(G) is dense in K ;
(b) N = kerf is zero dimensional and the quotient group G1=N is topologically iso-
morphic to G;
(c) G1 is countably compact (resp.; sequentially complete; minimal) if G is countably
compact (resp.; sequentially complete; minimal);
(d)  = {0} if G˜ is connected.
Proof. For the compact Abelian group G˜ there exists a compact torsion-free Abelian
group K with w(K)=w(G) and a continuous surjective homomorphism f : K → G˜ such
that N = kerf is zero dimensional and K is connected whenever G˜ is connected (cf.
[36, Lemma 1:6]). It can be easily proved by a standard application of the Pontryagin
duality that the compact torsion-free Abelian group K has the form K=K× , where
 =
∏
p∈P Z
!p
p . This proves the >rst statement and (d).
Now put G1=f−1(G). Since G is dense in G˜ and f is open, G1 is dense in K . Item
(b) is immediate. If G is sequentially complete, then G is sequentially also complete
too by (b) and Proposition 2.1. If G is minimal, then it is essential in G˜, so that G1
will be essential in K . Therefore, G1 will be minimal by Theorem 2.4.
2.2. Some functorial subgroups of topological groups
In the paper we shall need the following notions introduced in [44,17, Chapter 4;49].
Denition 2.8. An element x of a topological group G with identity 1 is called
(a) quasi-p-torsion, for a prime number p, if the cyclic subgroup 〈x〉 with the topology
inherited from G is either a >nite p-group or is isomorphic to Z equipped with
the p-adic topology;
(b) quasi-torsion, if the cyclic subgroup 〈x〉 is either >nite or the relative topology of
〈x〉 has a local base at 1 consisting of open non-trivial subgroups of 〈x〉;
(c) metrizable if the relative topology of the cyclic subgroup 〈x〉 is metrizable.
The subset tdp(G) of all quasi p-torsion elements of G is a subgroup of G when
G is Abelian, and the functor tdp(-) commutes with taking subgroups and Cartesian
products [17, Proposition 4:1:2(e)]. Analogously, the subset td(G) of all quasi-torsion
elements of G form a subgroup when G is Abelian. The functorial subgroup td(G)
contains tdp(G) for each prime p and has the same commutativity properties. If G is
compact Abelian, then td(G) coincides with the union of all closed totally disconnected
subgroups of G (as introduced originally in [20]).
We also make use of the subgroup wtd(G) of a topological group G introduced by
Stoyanov [44] as the subgroup generated by all subsets tdp(G), p ∈ P. It is easy to
see that when G is Abelian then wtd(G) coincides with the direct sum
⊕
p tdp(G)
and wtd(G)⊆ td(G) (see also [17, p. 129]). The functor wtd(-) commutes with taking
>nite Cartesian products [17, Proposition 4:1:2(e)].
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The next lemma clari>es how the subgroups tdp(G), wtd(G) and td(G) are placed in
a compact group G. Item (b) generalizes the primary decomposition of >nite Abelian
groups.
Theorem 2.9. Let G be a compact group. Then the subgroup wtd(G) is sequentially
dense in G. In addition; the following hold:
(a) if G is connected; then tdp(G) is sequentially dense in G for every prime p;
(b) if G is totally disconnected and Abelian; then tdp(G) is closed in G for every
prime p and G is topologically isomorphic to
∏
p∈P tdp(G).
Proof. (a) Fix p ∈ P and consider >rst the Abelian case. The density of the subgroup
tdp(G) of a compact connected Abelian group G for every prime p was proved in
[8]. In particular, this means that tdp(K) is sequentially dense in K and consequently,
tdp(K!) = tdp(K)! is sequentially dense in K! for every cardinal !. Let now G be an
arbitrary compact connected Abelian group of weight !. According to Proposition 2.7
there exists a continuous surjective homomorphism f : K! → G. By [17, Proposition
4:1:5] f(tdp(K!)) = tdp(G), hence tdp(G) is sequentially dense in G. In the general
case G is a quotient of a product A×L, where A is a compact connected Abelian group
and L =
∏
i∈I Li, where each Li is a compact connected simple Lie group. Fix i∈ I .
Then Li is a metrizable group covered by connected tori T . Since tdp(T ) is dense in T ,
we see that tdp(Li) is (sequentially) dense in Li. This proves that tdp(L) is sequentially
dense in L. Along with what we proved above for the Abelian case we can conclude
that tdp(A×L) is sequentially dense in A×L. It remains now to note that the quotient
homomorphism f : A × L → G maps tdp(A × L) onto tdp(G). Indeed, let x ∈ tdp(G)
and let y ∈ A× L such that f(y)= x. Then the closed subgroup N of A× L generated
by y and the closed subgroup H of G generated by x are compact Abelian and the
restriction f|N : N → H is surjective. Again by [17, Proposition 4:1:5] there exists
z ∈ tdp(N ) with f(z) = x.
(b) Is contained in [17, Proposition 3:5:9].
In the general case, every element x ∈ G is contained in a closed monothetic sub-
group N of G that is a compact Abelian group. Since wtd(N )⊆wtd(G), we can assume
without loss of generality that G is Abelian. Sequential density of wtd(G) in G follows
easily from (b) when G is totally disconnected. In case G is connected this follows
from (a). In the general case apply Proposition 2.7 to see that every compact Abelian
group G is a quotient group of a product K = K1 × , where K1 is connected and  
is totally disconnected. Since wtd(K) = wtd(K1) × wtd( ), we conclude that wtd(K)
is sequentially dense in K . Since the quotient map K → G sends wtd(K) onto wtd(G)
[17, Proposition 4:1:5], the latter group is sequentially dense in G.
Now, we see that the functor wtd(-) commutes with taking sequentially closed sub-
groups in the Abelian case.
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Lemma 2.10. If H is a sequentially closed subgroup of a topological Abelian group
G; then wtd(H) = H ∩ wtd(G).
Proof. The inclusion wtd(H)⊆H ∩wtd(G) is obvious. Conversely, if h ∈ H ∩wtd(G),
then h = h1 + · · · + hn, where hk ∈ tdpk(G) for each k = 1; : : : ; n and p1; : : : ; pn are
distinct prime numbers. Now for a given k ≤ n one can de>ne a sequence {lm : m ∈
!} of integers such that lm → 1 in the pk -adic topology on Z and lm → 0 in the
pi-adic topology for all i = k. Then hk = limm lmh ∈ H and hk ∈ tdpk(G), so that
hk ∈ tdpk(H) = H ∩ tdpk(G). Thus h ∈ wtd(H).
Stoyanov [44] found the fundamental property of the functor wtd(−): the subgroup
wtd(G) of a compact Abelian group G is essential, actually, totally dense in G. This
follows easily from the above lemma and Theorem 2.9.
Following [49] we denote the set of metrizable elements of a topological group G by
M (G). If G is precompact Abelian, then the set M (G) is a subgroup of G containing
the subgroup td(G). Moreover, the subgroup M (G) is dense and pseudocompact when
G is a compact Abelian group [49]. Since M (H)=M (G)∩H for every closed subgroup
of G, one can also note that actually every closed subgroup of M (G) is pseudocompact.
It is important to note that M (G)=G for a compact Abelian group G i7 the subgroup
c(G) is metrizable [49].
2.3. Sequentially complete precompact groups with metrizable elements
Here we often impose the condition G=M (G) on the (usually sequentially complete)
group G in consideration. This means that all elements of G are metrizable. This con-
dition has a very strong impact on G when it is sequentially complete and precompact.
We show that in analogy with the compact case, the total density of the subgroup
wtd(H) is still available, to certain extent, for sequentially complete precompact
groups H .
Proposition 2.11. Let H be a precompact sequentially complete group. Then
(a) the subset M (H) of H is a union of compact metrizable subgroups of H ;
(b) M (H)⊆wtd(H)seq; in particular; H ⊆wtd(H)seq when M (H) = H ;
(c) if H = M (H); then for every continuous homomorphism f : H → L and every
prime number p; f(tdp(H))= tdp(f(H)). Consequently; f(wtd(H))=wtd(f(H)).
Proof. (a) If x ∈ M (H), then the closed subgroup N of H topologically generated by
x is metrizable and sequentially complete. Hence N is complete, consequently compact.
Since every element of N is metrizable, we have N ⊆M (H).
(b) Let x ∈ M (H). Then x ∈ N for some compact metrizable subgroup N of
H . By Theorem 2.9 wtd(N ) is sequentially dense in N . Therefore, we conclude that
x ∈ wtd(N )seq ⊆wtd(H)seq.
(c) The inclusion f(tdp(H))⊆ tdp(f(H)) is clear. To prove the inverse inclusion,
consider x∈ tdp(f(H)) and choose h ∈ H with x=f(h). By (a), there exists a compact
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subgroup N ⊆H containing h. Then the restriction g = f|N :N → f(N ) satis>es
g(tdp(N ))= tdp(g(N )) by [17, Proposition 4:1:5]. Hence x ∈ g(tdp(g(N )))⊆f(tdp(H)).
The hypothesis M (H)=H is essential in the second half of (b) and in (c). Indeed,
the subgroup M (H) (and consequently, wtd(H)) may be too small for a precompact
sequentially complete group H as the following example shows.
Example 2.12. If G is a precompact group without convergent sequences, then G is
sequentially complete by Proposition 2.2 and M (G) coincides with the set t(G) of
torsion elements of G. In particular, if G is Abelian, then G# is sequentially complete
(Example 2.3), and M (G#) = t(G#) is a closed subgroup of G# (so that M (G#) = {0}
if G is torsion-free). Actually, assuming CH one can construct a connected countably
compact Hausdor7 group topology on the free Abelian group F of size c , whence
M (F)= {0} (cf. [46]). This group F is a dense subgroup of Tc . Now >x an arbitrary
projection p :Tc → T. Then the restriction f = p|F :F → T is surjective since F is
countably compact. Nevertheless, tdp(T) = {0} for each prime p, while wtd(F)= {0}
(compare with (c) of the above proposition).
In the sequel, we shall discuss metrizability of subgroups of compact Abelian groups.
Remark 2.13. Let G be a compact Abelian group. It is easy to see that every >nitely
generated subgroup of M (G) is metrizable (in particular, if p is a prime number
then every >nitely generated subgroup of tdp(G) is metrizable). More generally, if
Hi, i = 1; : : : ; n are metrizable subgroups of a precompact Abelian group G, then the
subgroup H1 + · · · + Hn is metrizable as well. This property may strongly fail for
in>nite sums as the following example shows. There exists a countable subgroup D of
the compact Abelian group G=
∏
∈P Zcp such that D=H1 +H2 + · · ·+Hn+ · · ·, where
Hn is metrizable with wtd(Hn) = {0} for every n ∈ N+ and D is dense in G (hence
non-metrizable). To obtain such an example >x in each Zcp a dense countable subset
Dp = {d(p)n : n ∈ N} that does not hit 0 and set dn = (d(p)n )p∈P ∈ G for each n ∈ N+.
Then take the subgroups Hn = 〈dn〉 of G.
We show now that metrizability is a “local” property, i.e., depends on the metriz-
ability of the projections to appropriate quasi p-components.
Lemma 2.14. For a compact Abelian group G with M (G)=G; let p :G → tdp(G=c(G))
be the canonical projection; where p ∈ P. Then a subgroup D⊆G is metrizable i<
p(D) is metrizable for each p ∈ P.
Proof. Since the quotient group G=c(G) is totally disconnected, the homomorphism p
is the composition of the canonical map f :G → G=c(G) and the canonical projection
G=c(G) → tdp(G=c(G)) determined by Theorem 2.9(b). Note that D is metrizable i7
its closure OD is metrizable. Analogously, p(D) is metrizable i7 its closure p(D) is
metrizable. Since compactness of OD yields p(D)=p( OD), we can assume, without loss
of generality, that D is a compact subgroup of G. Then the group p(D) must carry
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the quotient topology, and hence metrizability of D immediately yields metrizability
of each p(D). Conversely, assume that every group p(D) is metrizable. Then the
product  =
∏
p∈P p(D) is a metrizable subgroup of the quotient group G=c(G) ∼=∏
p∈P tdp(G=c(G)). Since the image f(D) is contained in  , we conclude that f(D)
is metrizable. From G = M (G) it follows that ker f = c(G) is metrizable [49]. Now
the group D is an extension of two metrizable groups D∩ ker f and f(D), and hence
D is metrizable as well [35, 5.37(e)].
Corollary 2.15. For a compact Abelian group G with M (G) = G and a subgroup D
of G; the subgroup wtd(D) is metrizable i< every tdp(D) is metrizable.
Proof. The necessity if obvious. Assume now that every tdp(D) is metrizable. For
every p ∈ P, we have p(wtd(D)) = p(tdp(D)). The latter group is metrizable as
a continuous homomorphic image of the precompact metrizable group tdp(D). Now
Lemma 2.14 implies that wtd(D) is metrizable.
Let us consider sequentially complete precompact Abelian groups G having totally
disconnected completion. They turn out to be direct products of their quasi-p-primary
components tdp(G) that are closed in G, hence sequentially complete. The proof is
analogous to that given in [14] for countably compact groups, but we present it here
for the sake of completeness.
Theorem 2.16. Let G be a sequentially complete precompact Abelian group. If G˜ is
totally disconnected; then for every p ∈ P the subgroup tdp(G) of G is closed and G
is topologically isomorphic to the Cartesian product
∏
p∈P tdp(G).
Proof. Since the completion G˜ is a compact totally disconnected Abelian group, G˜ =∏
p∈P tdp(G˜) by Theorem 2.9(b). Let x=(xp)p∈P ∈ G. Then for a >xed prime number
p, consider the sequence of positive integers kn de>ned in the following way. Let
q1; q2; : : : be all prime numbers distinct from p. Set kn = (q1 · : : : · qn)pn−pn−1 . Then
kn → 1 in the p-adic topology and kn → 0 in the qi-adic topology of Z for every
i ≥ 1. Hence knx → yp, where yp is the element of the Cartesian product
∏
p∈P tdp(G˜)
with zero coordinates, except for the pth one that is xp. This shows that the natural
projection p(G) of G to tdp(G˜), considered as a subgroup of the product
∏
p∈P tdp(G˜)
is contained in G. Since G is sequentially complete, we conclude that
∏
p∈P p(G)⊆G.
The inverse inclusion is trivial.
Remark 2.17. This theorem remains true in the case of nilpotent groups too (cf. [12]).
3. The structure of sequentially complete minimal Abelian groups
To clarify better the relationship between the properties of being sequentially com-
plete, pseudocompact and minimal, let us show that they are independent, i.e., the
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conjunction of any two of them does not imply the third one even in the class of
Abelian groups.
Example 3.1. (a) Since countably compact groups need not be minimal (take a /-
product of uncountably many non-trivial compact Abelian groups, cf. [4]), pseudocom-
pact sequentially complete groups need not be minimal either.
(b) Pseudocompact minimal Abelian groups need not be sequentially complete. In-
deed, by [12, Theorem 6.12], H! is minimal for every totally disconnected minimal
sequentially complete Abelian group H . On the other hand, there exists a pseudocom-
pact totally disconnected minimal Abelian group G such that G! is not minimal (see
[13] or [11, Theorem 6.6]). Clearly, the group G cannot be sequentially complete.
(c) There are precompact minimal sequentially complete Boolean groups that are not
pseudocompact. Indeed, take G=
⊕
! Z(2). Then G# is sequentially complete by (a) of
Remark 2:3. Therefore, G is sequentially closed in its completion G˜ ∼= Z(2)c : Consider
now the composition q :Z(4)c → G˜ of this isomorphism with the continuous canonical
homomorphism Z(4)c → Z(2)c and take H = q−1(G). The kernel of q is an essential
subgroup of Z(4)c . Since H contains the essential subgroup ker q of H˜=Z(4)c , it is a
dense essential subgroup of its completion H˜ . Consequently H is minimal by Theorem 2.4.
In addition, H=ker q ∼= G# yields that H is sequentially complete (by Proposition 2.1)
and non-pseudocompact (since G# is not pseudocompact [7]).
3.1. The connected component of a sequentially complete minimal Abelian group
An in>nite cardinal  is called measurable if there exists a free ultra>lter on 
which is closed under countable intersections. It is consistent with ZFC that there are
no measurable cardinals. In fact, the Axiom of Constructibility V = L is incompatible
with the existence of measurable cardinals [27].
Here comes our main result that describes the connected component of a sequentially
complete minimal Abelian group.
Theorem 3.2. If G is a sequentially complete minimal Abelian group; then w(c(G))=
w(c(G˜)). In addition; if the cardinal w(c(G)) is not measurable; then c(G) = c(G˜).
We defer the proof of Theorem 3.2 to Section 5, but we give two immediate corol-
laries here:
Corollary 3.3. Let G be a connected sequentially complete minimal Abelian group of
non-measurable size. Then G is compact.
Corollary 3.4. Gseq=G˜ for every connected minimal Abelian group G of non-measur-
able size.
Proof. By Theorem 2.4(a), the group Gseq is minimal and it is clearly connected and
sequentially complete, so that the above corollary applies to Gseq.
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In the next remark we discuss the relevance of the hypotheses of Theorem 3.2 and
Corollary 3.3.
Remark 3.5. (a) It is shown in [14] that for every measurable cardinal  there exists
a non-compact torsion-free connected minimal !-bounded Abelian group of weight 
(see also [11, Theorem 5.7]). In other words, the measurable cardinals are precisely
the weights of non-compact sequentially complete connected minimal Abelian groups.
(b) The conclusion of Corollary 3.3 is no more valid in the “opposite” situation,
namely when G˜ is totally disconnected. In such a case G need not be compact even if
we replace “sequentially complete” by the much stronger property “!-bounded” (see
[19] for an example of a minimal !-bounded proper dense subgroup of Z!1p ). On the
other hand, Example 3.1(c) gives a zero-dimensional precompact minimal sequentially
complete Abelian group that is not even pseudocompact.
(c) “Abelian” is essential in Theorem 3.2 as the following two facts show:
(c1) there exist connected totally minimal !-bounded non-compact groups [18];
(c2) the center of a connected minimal !-bounded group of weight !1 need not be
compact (see [14] or [11, p. 75]; note that the center of such a group is both
minimal and !-bounded).
(d) Both minimality and sequential completeness in Theorem 3.2 are essential to imply
the equality w(c(G)) = w(c(G˜)).
(d1) For an in>nite Abelian group G, the group G# is always sequentially complete
(Example 2.3) and zero dimensional (see [26, Theorem 4.8] or [42]), while for
its completion bG one has c(bG) = {0} i7 G is bounded torsion, otherwise
w(c(bG)) ≥ c .
(d2) Remark 4.5 below shows that sequential completeness cannot be traded for pseu-
docompactness even under the stronger assumption of total minimality.
3.2. The general case
Here, we study the consequences of Theorem 3.2 for the structure of sequentially
complete minimal Abelian groups. In the next theorem we collect all we have got till
now.
Theorem 3.6. Let G be a sequentially complete Abelian group.
(a) If G is minimal and |c(G)| is not measurable; then c(G) is compact; c(G)= c(G˜)
and G=c(G) is minimal.
(b) If c(G) is compact and G=c(G) is minimal; then G is minimal.
Proof. (a) By Theorem 3.2 c(G) coincides with the connected component c(G˜). Now
the quotient G=c(G) is minimal according to Exercise 4:5:15 of [17]. Item (b) is a
corollary of [28, Theorem (6)].
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In the case of small connected component (i.e., of non-measurable cardinality) we
get:
Corollary 3.7. A sequentially complete Abelian group G with non-measurable |c(G)|
is minimal i< c(G) is compact and G=c(G) is minimal.
This corollary leaves open the analogous question about sequential completeness (see
Question 6:4).
The next theorem generalizes Corollary 1:5 of [18] obtained in the case of countably
compact groups.
Theorem 3.8. The totally minimal sequentially complete Abelian groups are compact.
Proof. Let G be a totally minimal sequentially complete Abelian group. Then td(G˜)⊆G.
Indeed, for every x ∈ td(G˜) the closed subgroup N of the compact group G˜ generated
by x is metrizable, hence contained in G since G ∩ N is dense in N . It remains to
recall that by Theorem 2.9, the subgroup td(G˜)⊇wtd(G˜) is sequentially dense in G˜.
In particular, G is sequentially dense in G˜, hence compact.
This theorem fails for non-Abelian groups (see Remark 3.5(c1)).
4. Dimension and disconnectedness
Here we shall discuss (total, hereditary) disconnectedness vs. zero dimensionality in
sequentially complete groups.
Theorem 4.1. For a precompact sequentially complete group G with G = M (G) the
following are equivalent:
(a) c(G) = {1};
(b) G = td(G);
(c) dimG = 0.
Proof. Assume that c(G)= {1} and pick an element x ∈ G. The compact subgroup N
of G˜ generated by x is metrizable since G =M (G). Now the sequential completeness
of G yields N ⊆G. Therefore, the assumption c(G) = {1} gives c(N ) = {1}. Then
N is a compact totally disconnected group, hence its topology is generated by open
subgroups [35]. Therefore, x ∈ td(G). This proves the implication (a)⇒ (b).
Now we prove the implication (b) ⇒ (c) without any recourse to the sequential
completeness of G. Assume G = td(G) and consider the compact completion G˜. By
van Kampen–Peter–Weyl’s theorem [36] G˜ can be identi>ed with a (closed) subgroup
of a product
∏
i∈I Li, where Li is a compact Lie group for each i∈ I . Hence Li is a
subgroup of some unitary matrix group U (ni). Now the condition G = td(G) gives
Gi = td(Gi) for every i ∈ I , where Gi is the projection of G to Li. This means that Gi
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is a torsion subgroup of U (ni) since the compact Lie group Li has no small subgroups,
and hence every quasi-torsion element of Gi is torsion. By a theorem of Schur (cf. [45,
p. 270]), the torsion subgroup Gi admits a >nite index Abelian subgroup A. Then the
closure OA of A is a compact Abelian Lie group, hence isomorphic to Tn×F for some
>nite Abelian group F . Thus the torsion subgroup of OA is isomorphic to (Q=Z)n × F ,
hence countable. Consequently, A is countable too. This proves that Gi is countable;
hence Gi is zero-dimensional as a countable Tykhono7 space [29, Chapter 7]. Since G
is a subgroup of the product
∏
i∈I Gi, we proved that G is zero dimensional.
The last implication (c)⇒ (a) is trivial.
Note that the subgroup 〈td(G)〉 cannot be used instead of td(G) in the above the-
orem. In fact, the compact connected group SO3(R) is generated by its p-torsion
elements for every p ∈ P.
The next corollary strengthens Theorem 1:8 of [10] proved for pseudocompact groups.
Note that zero-dimensionality of pseudocompact, Abelian torsion groups follows from
[5, Lemma 7.4].
Corollary 4.2. Torsion precompact groups are zero dimensional.
Proof. It suRces to repeat the argument of the implication (b) ⇒ (c) in the proof of
Theorem 4.1.
Remark 4.3. Precompactness is essential in Corollary 4.2 because there exist connected
complete Boolean groups. An easy way to see this is to take the free Abelian topolog-
ical group A(I) (in the sense of Graev [32]) over the unit interval I and consider the
subgroup H = {2g: g ∈ A(I)} of A(I). The group A(I) is connected [32, Section 6], so
G = A(I)=H is a connected Boolean topological group. Since every quotient of a free
Abelian topological group over a compact space is complete [22, Proposition 4.2], the
group G is complete.
Actually, there exist even connected complete >elds of characteristic 2 [39,48].
Corollary 4.4. Let G be a sequentially complete precompact group such that
dim G˜¡∞. Then c(G) = {1} implies dimG = 0.
Proof. Finite-dimensionality of G˜ implies G˜ = M (G˜) (cf. the >nal remark of
Section 2.2) and in particular G =M (G). Hence we can apply Theorem 4.1.
The next remark shows that sequential completeness cannot be replaced by the con-
junction of two rather strong compact-like properties even in the Abelian case.
Remark 4.5. For every n ∈ N, there exists a totally minimal pseudocompact Abelian
group Gn with c(Gn) = 0 and dimGn = n [9].
Corollary 4.6. Let G be a sequentially complete minimal Abelian group. Then c(G)=
{0} implies dimG = 0.
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Proof. By Step 1 of the proof of Theorem 3.2, dim G˜¡∞. Therefore Corollary 4.4
applies.
We shall prove below a stronger result (see Corollary 4.11) that makes recourse of
the full strength of Theorem 3.2.
4.1. Hereditarily disconnected sequentially complete minimal Abelian groups
It was Arhangel’ski.2’s question whether every totally disconnected group admits a
coarser zero-dimensional group topology. A positive answer for pseudocompact groups
was obtained by Shakhmatov (unpublished, see also [10] for an alternative proof). In
particular, this implies that minimal totally disconnected pseudocompact groups are zero
dimensional. The question whether all minimal totally disconnected groups are zero
dimensional was raised in [11, Question 7.9]. Recently, Megrelishvili [38, Example
5.1] found an example of a minimal totally disconnected group G with dimG¿ 0,
answering in this way also Arhangel’ski.2’s question in the negative. The group G is
separable metrizable and non-complete, so that this group is not sequentially complete.
This motivates the following questions raised in [12]:
Question 4.7. Are minimal sequentially complete totally (hereditarily) disconnected
groups zero dimensional?
It is known that minimality can be removed if sequential completeness is replaced by
countable compactness (countably compact hereditarily disconnected groups are zero
dimensional [10]). We show now that the answer to Question 4:7 is “yes” in the case of
Abelian groups (cf. Corollary 4.9). Note that this is immediate for metrizable groups,
since minimal Abelian groups are precompact by Prodanov–Stoyanov’s theorem.
Theorem 4.8. For every minimal sequentially complete Abelian group G such that
|c(G)| is not measurable; the quotient G=c(G) is zero dimensional.
Proof. Zero dimensionality of G=c(G) follows from the fact that the quotient G=c(G)
is a topological subgroup of the compact totally disconnected group G˜=c(G˜) since
c(G) = c(G˜) by Theorem 3.2.
In particular, we are in position now to answer Question 4:7.
Corollary 4.9. Let G be a minimal sequentially complete hereditarily disconnected
Abelian group. Then dim G˜ = 0.
Remark 4.10. Note that according to Remark 4.5 sequential completeness of the group
G in Corollary 4.9 cannot be replaced by pseudocompactness even in the presence of
total minimality.
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It is not clear whether one can replace “Abelian” with “nilpotent” in Corollary 4.9
(see Question 6:8 and the discussion after it). The next corollary shows that this is
possible for nilpotent groups of class 2 for the weaker version given in Corollary 4.6.
Corollary 4.11. Let G be a sequentially complete minimal nilpotent group of class
2. Then c(G) = {0} implies dimG = 0.
Proof. By the principle of extension of identities the group G˜ is nilpotent of class 2
too, hence its subgroup c(G˜) is nilpotent as well. A non-Abelian compact connected
group contains a compact connected simple Lie group and it is known that all these
groups contain copies of the free group Fn of rank n for every n ≤ !, [2]. Therefore,
c(G˜) is Abelian.
Our next aim is to show that c(G˜) is central. The center Z(G) is again minimal,
sequentially complete, and hereditarily disconnected; hence the closure B=Z(G)⊆Z(G˜)
is zero dimensional by the Corollary 4.9. Consider now the quotient map f :G →
G=Z(G). Since the center Z(G) coincides with the intersection Z(G˜)∩G, the quotient
group G=Z(G) is a dense topological subgroup of the quotient group G˜=B. Since by
hypothesis, the quotient G=Z(G) is Abelian, we conclude that the quotient G˜=B is also
Abelian. Therefore, B contains the derived subgroup of G˜ and the connected component
c(G˜=B) of G˜=B has a complement in G˜=B, i.e., there exists a totally disconnected
compact subgroup N1 of G˜=B such that G˜=B = c(G˜=B)N1. Set N = f˜
−1
(N1), where
f˜ denotes the canonical map f˜ : G˜ → G˜=B. Since B = ker f˜ is totally disconnected,
the closed subgroup N of G˜ is totally disconnected. Moreover, it is normal since B
contains the derived subgroup of G˜. Obviously, c(G˜)N = G˜. Since c(G˜) is connected
and the map x → xax−1 for a >xed a ∈ N de>nes a continuous map c(G˜) → N , we
conclude that c(G˜) centralizes every element a of N . Therefore, c(G˜) is central. Hence,
as a closed central subgroup of G˜ it determines a closed subgroup G1 =G∩ c(G˜) of G
that is also essential in the compact connected Abelian group c(G˜). Let L denote the
closure of G1 in c(G˜). Corollary 4.9 applied to the Abelian group G1 gives c(L)={0}.
Hence the connected Abelian group c(G˜) has an essential compact totally discon-
nected subgroup L. By Lemma 2:5 this yields n= dim c(G˜)¡∞. Therefore Corollary
4.4 can be applied to conclude that dimG = 0.
Clearly, the part of the proof about c(G˜) being Abelian works with the weaker
assumption that G belongs to some proper variety V of abstract groups, i.e., V =
{all groups} (for example, “nilpotent” can be traded for “soluble”, etc.).
Theorem 4.12. Let G be a sequentially complete hereditarily disconnected Abelian
group. Then G is minimal i< dim G˜ = 0 and for every p ∈ P the closed subgroup
tdp(G) of G is minimal.
Proof. Assume that G is minimal. Then dim G˜ = 0 follows from the above corollary.
Now Theorem 2.16 can be applied to give G=
∏
p∈P tdp(G). Now each group tdp(G)=
tdp(G˜) ∩ G is minimal as a closed subgroup of G.
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Assume now that dim G˜ = 0. Again, apply Theorem 2.16 to conclude that G =∏
p∈P tdp(G). The proof of Theorem 2.16 also shows that every closed subgroup N of
G˜ has the same property, i.e., N=
∏
p∈P tdp(N ). Hence the essentiality of
∏
p∈P tdp(G)
in the product G˜ =
∏
p∈P tdp(G˜) follows from the minimality of each tdp(G) and
Theorem 2.4.
Now, we see that every sequentially complete hereditarily disconnected minimal
Abelian group contains a large compact subgroup.
Corollary 4.13. Let G be a sequentially complete hereditarily disconnected Abelian
group. Then G is minimal i< there exists a compact subgroup N of G such that
G=N ∼=∏p∈P Lp; where Lp is a p-torsion minimal group for every prime p.
Proof. Assume G is minimal. Then G=
∏
p∈P tdp(G) by the above theorem and each
group Gp = tdp(G) is minimal. By Proposition 2.7 there exists for each p a surjective
homomorphism fp :Z
!p
p → G˜p and a minimal dense subgroup Hp of Z!pp such that
fp(Hp) = Gp and Gp has the quotient topology. By Theorem 2.6, there exists kp such
that pkpZ!pp ⊆Hp. Hence fp(Z!pp ) = G˜p implies pkpG˜p⊆Gp for every prime p. Let
N =
∏
p∈P p
kp+1G˜p. Then N ⊆G by the sequential completeness of G. Moreover,
G=N ∼= ∏p∈P Lp, where Lp = Gp=pkp+1G˜p is a p-torsion group with completion L˜p =
G˜p=pkp+1G˜p. Since Lp contains all elements of period p of L˜p, it is essential in L˜p.
Hence Lp is minimal.
Vice versa, assume that such a subgroup N of G exists. Since the product
∏
p∈P Lp
is minimal (cf. [17, Theorem 6.2.12]), we can apply [28, Theorem 6] to conclude that
G is minimal.
5. Proof of Theorem 3.2
Step 1: If c(G) = {0}, then c(G˜) is metrizable (more precisely, dim c(G˜)¡∞),
otherwise w(c(G)) =w(c(G˜)). The minimal Abelian group G is precompact [17], and
hence the completion G˜ of G is compact. By Proposition 2.7 there exists a continuous
surjective homomorphism f :K × → G˜, where  =∏p∈P Z!pp and = w(c(G˜)) if
dim c(G˜)=∞, otherwise =dim c(G˜)¡∞. Then the dense subgroup G0=f−1(G) of
K× is minimal and sequentially complete. Moreover, f(c(G0))⊆ c(G) and f(K)=
c(G˜). Hence c(G)={0} implies c(G0)={0} since ker f is zero dimensional. The latter
fact also yields the equality dim c(G˜) =  when  = dimK is >nite. Otherwise the
equality w(c(G0))= yields w(c(G))= since c(G) contains f(c(G0)) and w(c(G0))=
, and since f(c(G0)) is dense in the compact connected group f(c(G0)) of weight
 (note that ker f is zero dimensional). If c(G0) =K, then clearly also c(G) = c(G˜).
Hence it suRces to prove the theorem for G0. This is why we assume from now on
that G = G0 and G˜ =K × .
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Denote by K! the !th copy of K in the power K. In the sequel, we identify
products of the form
∏
!∈S B!, where S ⊆  and B! is a subgroup of K!, with the
obvious subgroup of the group K × .
Take any continuous surjective homomorphism  :K→ T and put H= ker  . Then
H is a closed essential subgroup of K (cf. [17, 3.8.19(f)]). Now >x a prime p. The
group Hp = tdp(H) is isomorphic to Zp and tdp(K) =
⋃
n∈! p
−nHp [17, 3.6.2]. For
every ! ∈ , put N! = tdp(K!) and let H! be a >xed closed subgroup of N! isomorphic
to Hp ∼= Zp. Consequently,
N! =
⋃
n∈!
p−nH!: (1)
Put A={! ∈ : N! * G}. We show >rst that this set is >nite. According to (1), the
sequentially complete group G cannot contain all subgroups p−nH! for a >xed ! ∈ A.
Therefore, for every ! ∈ A there exists a minimal integer k! such that pk!H!⊆G. As-
sume >rst that A is in>nite. Then for an increasing sequence !1 ¡!2 ¡ · · ·¡!n ¡ · · ·
in A, take N =
∏∞
n=1 p
k!n−nH!n ∼= Z!p . By Theorem 2.6 applied to N and to its essential
sequentially complete subgroup G∩N (which is compact in this case), we get pkN ⊆G
for some k ∈ N. Hence pk!n−n+kH!n ⊆G for each n ∈ N. By the choice of k!, this
gives k!n − n+ k ≥ k!n , so −n+ k ≥ 0. Hence k ≥ n for each n, a contradiction. This
proves that A is >nite.
The subgroup KA=
∏
!∈A K! ∼= KA of G˜ is metrizable. Put 6= \A, K6=
∏
!∈6 K!
and G1 = G ∩ K6. Then the subgroup G1 of G is again sequentially complete and
minimal. In addition, G˜1 = K6 because N!⊆G1, and consequently K!⊆G1 for every
! ∈ 6. Since G1 is sequentially complete, the /-product of the groups {K!: ! ∈ 6} is
contained in G1. Since the former is a dense connected pseudocompact subgroup of G1,
the group G1 is pseudocompact and connected too. In particular, G1⊆ c(G). Therefore,
w(c(G))=w(c(G˜)) in the case c(G) = {0}. Clearly, c(G)={0} may occur only when
G˜ is >nite dimensional. Indeed, c(G) = {0} yields G1 = {0} and consequently 6= .
Thus dim c(G˜) = ¡∞.
Note that this part of the proof went without any additional assumption on the weight
w(c(G)).
Step 2: c(G) is compact. From now on we assume that  is not measurable and we
prove that c(G) is compact under this assumption. We start with the closed connected
subgroup G1 of c(G) and prove that G1 is compact. Assume to contradiction that G1 is
not compact. Note that each N! is dense in the metrizable group K!, so that
∏
!∈6 N!
is sequentially dense in G˜1. The union B =
⋃
n∈! p
−n∏
!∈6 H! of all elements of
(tdp(K))6 of “bounded depth” is sequentially dense in tdp(G˜1). Since G1 is a proper
sequentially closed subgroup of G˜1, it cannot contain the subgroup B. Hence there
exists n0 ∈ N+ such that
p−n0
∏
!∈6
H! * G1: (2)
Note that G1 contains all subgroups N! with ! ∈ 6. PutF={S ⊆6: p−n0
∏
!∈6\S H!
⊆G1}. By (2), ∅ ∈ F. Obviously, F is a >lter on 6. To see that this >lter is free
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pick ! ∈ 6. Then N!⊆G and (2) imply that p−n0
∏
∈6\{!} H * G1. Consequently,
{!} ∈F.
Let U be an ultra>lter on 6 containing F. We show that the ultra>lter U on 6 is
closed under countable intersections. Indeed, suppose that
T0⊇T1⊇ · · ·⊇Tn⊇ · · · (3)
is a chain of members of the >lter U. We shall see that there exists an integer m0
such that
(6 \ Tm0 ) ∪
∞⋂
n=1
Tn ∈F: (4)
In particular, (6\Tm0 )∪
⋂∞
n=0 Tn ∈ U. Since Tm0 ∈ U, we get
⋂∞
n=1 Tn ∈ U as required.
Let us note that (4) is obviously ful>lled if the sequence in (3) stabilizes. Hence
we can assume, without loss of generality, that for every n ∈ !, the set Sn = Tn\Tn+1
is non-empty. Since the sets Sn are pairwise disjoint it makes sense to consider the
subgroup L of G˜1 de>ned by L =
∏
n∈! p
−n∏
!∈Sn H!. Then L is isomorphic to a
power of Zp and G1 ∩ L is an essential sequentially complete subgroup of L since
G1 is an essential subgroup of G˜1. By Theorem 2.6, there exists a k ∈ ! such that
pkL⊆G1. This gives, with S =
⋃∞
n=k+n0 Sn:
p−n0
∏
!∈S
H! =
∞∏
n=k+n0
p−n0
∏
!∈Sn
H!⊆pk
∞∏
n=0
p−n
∏
!∈Sn
H! = pkL⊆G1:
Thus, 6\S ∈ F, and hence (4) holds for m0 = k + n0 in view of the equality S =
Tk+n0 ∩ (6 \
⋃∞
n=0 Tn). So, the set 6 of cardinality  admits a countably complete free
ultra>lter that contradicts our assumption on .
Let us prove now that also c(G) is compact. Indeed, we know that the closed
subgroup G1 of c(G) is compact. In addition, c(G)⊆K. Hence c(G) = K6 × G2,
where G2 is the projection of c(G) to KA and coincides with c(G) ∩ KA. Since KA
is metrizable, G2 is actually closed in KA, hence compact. This proves that c(G) is
compact.
Step 3: c(G) coincides with c(G˜). To prove that c(G) = c(G˜) we consider the
compact subgroup c(G) contained in the connected component K of G˜. Since G˜ is
torsion-free, the group K splits as c(G) ×Kn, so that G˜ = c(G) ×Kn × (clearly,
n ≤ |A|, but we are not going to use it here). We can write the subgroup G of G˜ as
G = c(G)×Ga, where Ga =G ∩ (Kn × ). Consequently Ga is sequentially complete
and minimal. Moreover, by the density of G in G˜ the subgroup Ga of Kn× is dense,
because Ga coincides with the projection of G to Kn × . Finally, c(Ga) = {0} since
Ga ∼= G=c(G) is hereditarily disconnected. We shall prove that n= 0 in this situation,
and hence c(G˜) = c(G).
Assume the contrary and for simplicity argue with Ga, i.e., take G=Ga, G˜=Kn× 
and c(G) = {0}. Let  : Kn ×  → Kn be the projection. Since every element of
Kn ×  is metrizable and c(G) = {0}, one can apply Theorem 4.1 to conclude that
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G = td(G). Now the functoriality of td(-) yields
(G)⊆ td(Kn): (5)
By Proposition 2.11, the subgroup wtd(G) of G is sequentially dense in G, and
hence the subgroup wtd((G)) of (G) is dense in (G). Consequently, if we show
that for some compact subgroup S of G the subgroup wtd((G)) is contained in the
compact subgroup (S) of Kn we will get a contradiction. Indeed, the subgroup (G)
is dense in Kn since G is dense in G˜. Hence the density of wtd((G)) in (G) will
imply (S) = (G) =Kn. This contradicts (5).
Consider the closed subgroup Gb = G ∩ Kn of Kn. It is hereditarily disconnected
and essential in Kn since the group G is essential in G˜. Hence we can >nd a positive
integer lp for every prime p such that plpHnp⊆G. Since the compact group Gb is
totally disconnected, there is another integer mp for each prime p such that tdp(G ∩
Kn)⊆pmpHnp, where the subgroups Hp of K are de>ned as in the proof of Step 2.
Indeed, the quotient Kn=Hn is isomorphic to Tn, hence the image of Gb in Tn under
the natural map Kn → Kn=Hn is >nite (Tn has no in>nite totally disconnected closed
subgroups). So mGb⊆Hn for some m¿ 0. If pmp is the highest degree of p dividing
m, then surely
pmptdp(Gb) = mtdp(Gb) = tdp(mGb)⊆ tdp(Hn) =Hnp;
since the subgroup tdp(D) of a compact Abelian group D is q-divisible for every prime
q = p [17, Chapter 4].
By Theorem 2.6 applied to the essential subgroup G ∩Z!pp of Z!pp , for every p ∈ P
there exists an integer kp such that pkpZ
!p
p ⊆G. Let us see now that
pkptdp((G))⊆G: (6)
To this end we recall that every element of tdp((G)) is the image of an element
of tdp(G) (cf. Proposition 2.11), i.e.,
tdp((G)) = (tdp(G)): (7)
Then for every x ∈ tdp((G)), there exists y ∈  such that (x; y) ∈ tdp(G).
Projecting on  we get y ∈ tdp( ). From pkpy ∈ G it follows that pkpx ∈ G.
Therefore, (6) implies that tdp((G))⊆pmp−kpHnp because Kn is torsion-free. Since
tdp((G))⊇ tdp(Gb)⊇plpHnp, this means that the subgroup tdp((G)) is >nitely gener-
ated modulo Gb =G ∩Kn. Let Fp be a >nitely generated subgroup of tdp((G)) such
that tdp((G))⊆〈Fp〉 + Gb. By (7), there exists a >nitely generated subgroup Tp of
tdp(G) such that (Tp) = Fp. By Remark 2.13, Tp is metrizable; hence Lemma 2.14
implies that the sum D of the subgroups Tp of G is metrizable too. Therefore, the
closure S of D in G˜ is also metrizable, and hence contained in G. Thus, (S) +Gb is
the desired compact subgroup of Kn containing wtd((G)). This completes the proof.
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6. Open questions
We do not know whether completeness of H can be replaced by sequential com-
pleteness in Proposition 2.1:
Question 6.1. Is the class of sequentially complete groups closed with respect to taking
arbitrary extensions?
The next two questions concern the sequential completion Gseq (cf. Proposition 2.1).
For a topological group G denote by s(G) the least (ordinal) number of iterations of
the operator clseq to reach Gseq starting from G. Clearly, s(G) ≤ !1 while the equality
s(G) = 0 characterizes the sequentially complete groups.
Question 6.2. Can every ordinal ! ≤ !1 be realized as s(G) for some topological
group G? What about groups from a given distinguished class P of groups?
Now we consider another aspect of the problem, namely how Gseq is placed in G˜.
This is motivated by the fact that Gseq = G˜ for connected minimal Abelian groups of
non-measurable size (Corollary 3.4).
Question 6.3. Characterize the topological groups G with Gseq = G˜.
Our structure Theorem 3.6 leaves open the following:
Question 6.4. Let G be a sequentially complete minimal Abelian group. Is then G=c(G)
sequentially complete?
A positive answer to this question, along with Theorem 3.6 will give: For an Abelian
topological group G with c(G) of non-measurable size the following are equivalent:
(a) G is sequentially complete and minimal; (b) c(G) is compact and G=c(G) is
sequentially complete and minimal. Hence, this will reduce the study of sequentially
complete minimal Abelian groups with small connected component to the study of the
same property in totally disconnected groups. By Theorem 2.4, the group G=c(G) is
a dense essential sequentially closed subgroup of a compact zero-dimensional group
(isomorphic to G˜=c(G)).
An example of countably compact groups G1 and G2 such that G1 × G2 is not
countably compact was >rst given by van Douwen [25] under the assumption of MA.
Both groups were subgroups of Z(2)c , so that Gi = td2(Gi) and tdp(Gi) = {0} for
i = 1; 2 and for every prime p = 2. It is not clear whether the following is true:
Question 6.5. Let G1 and G2 be totally disconnected countably compact Abelian groups
such that for every prime number p either tdp(G1) = {0} or tdp(G2) = {0}. Is then
G1 × G2 countably compact?
Note that the failure of countable compactness of G1×G2 in van Douwen’s example
is due to the existence of closed countable subgroups of G1 × G2. Note that such
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a phenomenon cannot occur in the case described in Question 6:5: now the closed
subgroups of G1 × G2 are necessarily of the form N1 × N2, where Ni is a closed
subgroup of Gi, i = 1; 2.
Question 6.6. Can one add dim G˜ = 0 as the fourth equivalent condition in Theo-
rem 4.1?
Corollary 4.9 gives an aRrmative answer to Question 6:6 if the group G is minimal.
Corollaries 4.6, 4.9 and 4.11 leave open Question 4:7 in the general case as well as
the following question in the spirit of Arhangel’ski.2’s question:
Question 6.7. Does every totally disconnected sequentially complete group admit a
coarser zero-dimensional group topology?
Question 6.8. Can Corollary 4.9 be extended to nilpotent groups?
We believe that an appropriate modi>cation of the proof of Corollary 4.11 should
go also for establishing the stronger assertion of Corollary 4.9 for nilpotent groups
of class 2. At this point one should repeat the argument of Step 3 of the proof of
Theorem 3.2 replacing the Abelian group  by the nilpotent group N of class 2. As
noted in Remark 2.17, N will be again a product of its p-components tdp(N ) as in the
Abelian case. Note that most of what we have used about  in Step 3 of the proof
of Theorem 3.2 concerns monothetic subgroups of  that are Abelian.
Question 6.9. Can Theorem 3.8 be extended to nilpotent groups?
A positive answer can be obtained once we know that sequential completeness is
preserved under perfect homomorphic images (cf. Question 6:4 in [22]).
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